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AHHOTALUA

B crathe paccmaTpumBaeTCsi KOHKPETHAs BBIYHCIHTENbHAS MpoOJieMa: TpH
pelIeHNnH CUCTEM JIMHEWHBIX anreopandeckux ypaBHeHUM (CJIAY) B MHKEHEPHBIX
W Hay4YHBIX TPWIOKEHUSX KIaccuyeckmii wmeTton [aycca cramkuBaeTcs ¢
HAKOIJICHUEM YHCJICHHBIX ONIMOOK, YYBCTBUTEIHHOCTBHIO K BBIOOPY BEIyIIHX
AJIEMEHTOB W BAPUATUBHOCTHIO BBIYMCIHUTEILHON YCTOMYMBOCTH TIPU Pa3IAYHBIX
CXeMaxX YaCTUYHOTO W TOJHOTO BBIOOpa. IIpoaHamm3mpoBaHBl MCTOYHUKH ITHX
a3 dekToB, CpaBHHMBAIOTCS alropurMuyeckue Momudukanuu Merona laycca (c
YaCTUYHBIM BBIOOPOM, MOJIHBIM BRIOOPOM U 0€3 BBIOOpA), a TAKKE OLEHUBAETCS UX
BIIUSHAEC HAa TOYHOCTh W BBIUHCIUTEIBHYIO CIOXHOCTh. [Ipemmaraercs
MPaKTUYECKOEe KOMOMHUPOBAHHOE PEIICHHE, OCHOBAHHOE HA aJallTUBHOM BBIOOpE
CTpaTeTMW BHIOOpA TJIABHOTO JJEMEHTa W MAaCITA0MPOBAHUH CHCTEMBI,
HAIlpaBJICHHOEC HA TIOBBIINICHUE YCTOWYMBOCTH W CHIDKCHHE OTHOCUTEIHHOU
MOTPENTHOCTH  TPH  COXPAaHCHWH  TMOJMHOMHAIBHONW  BBIUYMCIUTEIHHOU
Tpynoémkoctu. [IpencTaBieHbl peKOMEHIAIMKM TIO0 TPUMEHEHUI0 METOaa B
YCIIOBHSIX OTPAaHUYEHHOW TOYHOCTH U HEOJHOPOTHOCTH KOA(P(HUITMESHTOB.

Abstract

This article addresses a concrete computational challenge: when solving
systems of linear algebraic equations (SLAE), the classical Gaussian elimination
method is prone to numerical error accumulation, sensitivity to pivot selection, and
variability in numerical stability across different partial and full pivoting schemes.
We analyze the sources of these issues, compare algorithmic variants of Gaussian
elimination (no pivoting, partial pivoting, and full pivoting), and evaluate their
impact on accuracy, stability, and computational complexity. A practical hybrid
approach is proposed, combining adaptive pivoting strategies with system scaling to
improve robustness and reduce relative error while preserving polynomial-time
complexity. The article provides recommendations for applying Gaussian
elimination in scenarios involving limited floating-point precision and coefficient

heterogeneity.
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Systems of linear algebraic equations arise in all major fields of science and
engineering, and Gaussian elimination remains one of the most widely used
numerical methods for solving them. Despite its conceptual simplicity, the classical
method is sensitive to finite-precision arithmetic and may suffer from instability
when small pivot elements appear during elimination. These phenomena lead to the
accumulation of rounding errors, unpredictable coefficient growth, and variability
of numerical behavior across different implementations. For practical applications
that require both accuracy and robustness, it is important to understand the factors
affecting stability and to employ algorithmic techniques that mitigate numerical
degradation.

A general system of linear equations can be written as

Ax = Db,

where A € R™", x € R", and b € R™. Gaussian elimination transforms the

matrix into an upper-triangular form
Ux =c,
after which the unknown vector is found via backward substitution. The
elimination step uses multipliers of the form
My = ﬂ'
Akk
and this is precisely where instability often arises: if ay; 1s very small, the

multiplier becomes large and introduces significant rounding error into subsequent

computations. Since the total number of arithmetic operations grows as

: 2 : : :
approximately §n3, even small inaccuracies may accumulate to the point of



dominating the final result, especially when the matrix contains coefficients of
different magnitudes.

For these reasons, Gaussian elimination without pivoting is rarely acceptable
in real computational practice. Choosing a stable pivot element dramatically
improves reliability. Partial pivoting, in which the largest element in the current
column is selected as the pivot, is generally sufficient for most engineering problems
and forms the basis of many industrial and scientific libraries. Full pivoting, which
searches for the largest element in the entire remaining submatrix, offers even
greater stability but increases computational cost and is therefore used primarily for
small or extremely ill-conditioned systems. Scaled pivoting further normalizes each
row before comparison, reducing the effect of heterogeneous coefficients.

Modern implementations often combine these techniques into hybrid adaptive
schemes. Such schemes monitor the magnitude of pivot elements, the scaling factors
of each row, and the local numerical residual

r=IAx—=b ||,

and switch dynamically between pivoting strategies when instability indicators
exceed predefined thresholds. In addition, rescaling the matrix so that each row has
a comparable maximum magnitude,

ajj

—,S; = m?x | a;j |,
i

reduces the growth of intermediate coefficients and improves overall numerical
behavior. These methods help maintain acceptable accuracy even when the input
data include large or small values that would otherwise lead to significant floating-
point errors.

Although pivoting introduces additional work, it does not change the
asymptotic complexity of Gaussian elimination, which remains O (n®). For dense
matrices of moderate size, this cost is acceptable and predictable. Memory usage
stays within O (n?), determined primarily by the storage of the coefficient matrix. In

practice, the tradeoff between increased computational effort and improved stability



is more than justified, particularly in applications with strict accuracy requirements
or in systems where floating-point precision is limited.

Gaussian elimination continues to be a foundational method for solving linear
systems, but its numerical success depends on careful algorithmic design.
Employing partial or full pivoting, applying appropriate scaling procedures,
monitoring residuals during computation, and using sufficient precision all
contribute to a more stable and reliable solution. Hybrid adaptive approaches that
combine these techniques provide a balanced and practical way to control rounding
errors and ensure that the method behaves predictably under a wide variety of real-

world conditions.
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